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Abstract
The surface Hamiltonian corresponding to the surface part of a gravitational action has
xp structure where p is conjugate momentum of x. Moreover, it leads to TS on the horizon
of a black hole. Here T and S are temperature and entropy of the horizon. Imposing the
hermiticity condition we quantize this Hamiltonian. This leads to an equidistant spectrum of
its eigenvalues. Using this we show that the entropy of the horizon is quantized. This analysis
holds for any order of Lanczos-Lovelock gravity. For general relativity, the area spectrum is
consistent with Bekenstein’s observation. This provides a more robust confirmation of this
earlier result as the calculation is based on the direct quantization of the Hamiltonian in the
sense of usual quantum mechanics.
1 Introduction
Quantum mechanically, black holes are thermodynamic objects which have temperature [1] as
well as entropy [2]. The exact expressions for these entities have been obtained by semi-classical
treatment. In the absence of a true “quantum gravity” theory, the precise microscopic origin
of entropy is unknown. Since there is no such complete theory,1 we can only do semi-classical
computations. One of the earlier attempts to describe these microstates, which are responsible
for horizon entropy, originated from the seminal works of Bekenstein [2]. He showed that when
a neutral particle is swallowed by a Kerr black hole, the lower bound on the increment of the
horizon area is
(∆A)min = 8pil
2
p , (1)
when the particle has a finite size – not smaller than Compton wavelength. Here lp is the Planck
length. After Bekenstein, the same was calculated for the assimilation of a charged particle [5]
and it was found to have a similar Planck length square nature, but with a different numerical
factor.
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1Of course, there are some attempts like loop quantum gravity [3], string theory [4]. But none of them are self
sufficient.
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Even now, people are still trying to understand and find the implications of this result. One
of the most important consequences is – it leads to the quantization of horizon area. A much
more sophisticated calculation by Bekenstein and Mukhanov [6] yielded the area spectrum as
4l2p ln k with k = 2. An exactly identical expression was later derived by using quasinormal
modes, except with k = 3 [7, 8]. The importance of this result are as follows. It was found
that this is consistent with the Gibbs’ paradox [9] and also that the value of Immirzi parameter,
in the context of Loop quantum gravity, can be fixed [10]. But unfortunately the derivation
by quasinormal modes encountered a problem. Maggiore [11] observed that the imaginary part
of the ringing frequency dominates compared to the real part in higher n limit where n is an
integer. Now since the whole calculation is semi-classical, which is reliable at large n, one should
take the imaginary part in the computation. Then this leads to the old result by Bekenstein:
quantum of area is 8pil2p. Consequently, several attempts [12]–[23] have been made to find the
spectrum of area or entropy. It turned out that the quantum of entropy is much more natural
than that of area [15, 20]. In all cases, for Einstein’s gravity, one finds that the spacing is given
by (1).
Now it is quite evident that the semi-classical calculation is mostly in favour of Eq. (1). In
this paper we make another attempt to quantize black hole entropy and area. The basic idea
follows from an earlier result by one of the authors [24]. It has been observed that the surface
part of the Einstein-Hilbert action has a structure like xp where x and p are coordinate and
conjugate momentum, respectively. Also the evaluation of the surface term on the horizon leads
to the surface Hamiltonian which is the product of entropy and temperature. Moreover, one can
identify that the entropy is equivalent to x while the temperature plays the role of conjugate
momentum p (For details, see [24]). So everything reduces to a classical Hamiltonian H = xp.
An extension to Lanczos-Lovelock gravity theory has also been done [25] and here also same
conclusion was drawn.
In the present work, we discuss the quantization of xp Hamiltonian. The standard quan-
tization procedure leads to some confusions. The key point is that, the quantum Hamiltonian
Hˆ = xˆpˆ is not hermitian. So one might think that, a simple symmetric ordering of Hˆ will solve
the problem. Unfortunately, there are few subtle points in this apparently simple program. As
we shall see, self-adjoint extension of the Hamiltonian is necessary and this will naturally lead
to boundary conditions on the wave function. Our main finding is that, in the context of a black
hole, when boundary condition is coupled with first law of thermodynamics, it naturally gives
area quantization. We show that the spacing is consistent with Bekenstein’s old result. For GR
it leads to Eq. (1).
Thus, we make a direct quantization of entropy/area, unlike the earlier attempts, in the sense
that the surface Hamiltonian (product of horizon entropy and temperature for a black hole) is
quantized in the language of usual quantum mechanics. Therefore our method is completely
new and gives a direct evidence of quantization of entropy. The most interesting outcome is
that the evaluated result matches with that from the earlier “indirect” calculations. Hence we
reconfirm Bekenstein’s original value of Eq. (1), obtained by semi-classical approach.
2 Surface Hamiltonian: a brief discussion
In this section, we shall briefly discuss about the surface part of the action of a gravitational
theory so that a new reader can find the paper self-sufficient. Calculating this for a metric
on the horizon, it will be shown that it has a thermodynamic interpretation. From there the
surface Hamiltonian will be identified. Moreover, we shall discuss why such a Hamiltonian has
xp structure. Both the GR as well as more general theory like Lanczos-Lovelock gravity will
be our attention. Here a summary of the required information, for clarity, will be introduced
without any detailed calculation. An interested reader can discuss with the relevant references
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(e.g. [24, 25]) for explicit analysis.
Very recently it has been shown that the thermodynamic structure of the gravitational
theories can be discussed in terms of two variables. For GR these are given by fab and N cab
which are related to the usual variables by the following relations:
fab =
√−ggab ;
N cab = −Γcab +
1
2
(
Γdadδ
c
b + Γ
d
bdδ
c
a
)
. (2)
Most notable point about these variables is that N cab is the conjugate momentum of f
ab. Before
going into the main idea, let us review some salient points. It is well known that, the Einstein-
Hilbert (EH) Lagrangian i.e.
√−gR can be divided into two parts: one is quadratic in Γabc and
the other one is a total derivative part, we call them as bulk and surface parts respectively.
Although these are not scalars individually, there are some important features associated with
them. The bulk part alone gives Einstein’s equations of motion without suffering any inconsis-
tency as one does not need to impose vanishing of the both variation of metric and derivative of
metric at the boundary; here one just imposes the vanishing of δgab at the boundary (See page
242 of [26]). On the other hand, the surface part is given by
Lsur = 2
16piG
∂c
[
Q bcda Γ
a
bd
]
, (3)
where Q bcda = 1/2(δ
c
ag
bd − δdagbc). This term when calculated on the r = constant surface for
a static black hole, the action gives entropy in the near horizon limit. In this case the time
integration is taken within the periodicity of Euclidean time (see page 663 of [26] for details).
Of course, if one computes the total EH action for a spherically symmetric static metric it has
a thermodynamical structure like S − E/T where E is identifies as the black hole energy [27].
Moreover the surface part of the gravitational action can be expressed as
Asur = − 1
16piG
∫
d4x∂c
(
fabN cab
)
. (4)
Therefore the surface Lagrangian has a structure like ∂(xp) with x ≡ fab and p ≡ N cab.
Now the calculation of this action on the null surface for static spacetime leads to
Asur = − 1
16piG
∫
dtd2x⊥ncf
abN cab = −
∫
dtTS (5)
where nc is the normal to the surface, x⊥ refers to the transverse coordinates and T = ~κ/2pi
and S = A/4G~ = A/4l2p are the horizon temperature and entropy, respectively with κ being the
surface gravity and A is the area of the horizon. Therefore the surface Hamiltonian is identified
as Hsur = −∂Asur/∂t = (1/16piG)
∫
d2x⊥ncf
abN cab = TS.
2 From this we can immediately realise
that the present Hamiltonian has xp structure. More precisely, Hamiltonian density (Hamilto-
nian per unit transverse area), which is temperature times entropy density (entropy per unit
transverse area) has this structure. Moreover, among the two thermodynamical variables (T
and S), one of them plays the role of x while the other one is p. Now to properly identify these
variables we can take the help of the following analysis. It has also been observed that if we
take a variation of the Hamiltonian; i.e. δHsur = 1/16piG
[
(δfab)(ncN
c
ab) + (f
ab)δ(ncN
c
ab)
]
and
2It may be mentioned that the same TS Hamiltonian can also be obtained from the Gibbons–Hawking–York
surface term [28], but it is not known if it has similar xp structure. Therefore we restrict our discussion within
the non-covariant form of the surface part of the main gravitational action.
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calculate them on the horizon, then these two parts lead to
1
16piG
∫
d2x⊥(δf
ab)(ncN
c
ab) = TδS ;
1
16piG
∫
d2x⊥(f
ab)δ(ncN
c
ab) = SδT . (6)
Therefore one can say that S ≡ x while T is the conjugate momentum of S; i.e. T ≡ p. The
details of these discussion can be followed from [24]. Now since the action is given by (5) and
T, S are conjugate variables, in classical mechanics we have the following Poisson’s bracket:
{S, T}PB = 1 . (7)
It should be mentioned that this feature is not restricted to GR; rather this is much more
general. The same has also been concluded for a general Lanczos-Lovelock gravity. For that
we refer to [25] for the readers. In this general case the conjugate variables are f˜ab = fab and
N˜ cab = Q
cd
aeΓ
e
bd + Q
cd
beΓ
e
ad where Q
ab
cd = (1/m)P
ab
cd with P
ab
cd = ∂Lm/∂R
cd
ab and m is the order of
the Lanczos-Lovelock Lagrangian Lm. The surface action is exactly in similar form with the un-
tilde variables are replaced by tilde variables. Calculation of it on the horizon leads to identical
results like the GR case with the entropy is properly defined in terms of the relevant component
of Qabcd. Hence we infer that the structure of surface Hamiltonian on the horizon is TS, which
is more fundamental than in terms of temperature and horizon area. On top of that, in a much
more general theory of gravity, we have S ≡ x and T ≡ p.
After getting an interpretation of the surface Hamiltonian in terms of the usual x and p,
which are actually related to the thermodynamical quantities of a black hole, one would be
curious to quantise it to see the quantum nature of black holes. Therefore in the next section
we shall discuss about the quantization of classical Hamiltonian H = xp. Before going into
that let us mention about an earlier attempt to find this quantum nature using the boundary
term of the action in GR [29, 30]. It was shown that the in the context of ADM formalism the
semiclassical path integral of gravity, after integrating out the unobserved degrees of freedom,
depends on the boundary part of the action. Now imposition of the single valued nature of it
leads to area quantization of a black hole. There also one can identify a Hamiltonian in terms
of ADM variable and its conjugate momentum. In the present discussion we are not using the
ADM analysis. Instead we shall use here the information that the surface Hamiltonian, coming
from the action without the Gibbons–Hawking–York (GHY) term (like Einstein-Hilbert action
in GR), has xp structure in terms of fab, N cab (f˜
ab, N˜ cab for more general theory). Just to mention
that the ADM boundary part and the present one are not in general same.
3 Quantization of xp Hamiltonian
Though the Hamiltonian xp looks simple, it has some unusual features. Note that, this Hamil-
tonian is of order 1 and it violates time reversal symmetry. The system described by this
Hamiltonian has a hyperbolic point at x = 0, p = 0, and it represents the simplest form of
instability. Hamilton’s equations of motion for this system are
x˙ = {x,H}PB = ∂H
∂p
= x; p˙ = {p,H}PB = −∂H
∂x
= −p. (8)
The solutions of the above equations are easy to find. These are given by
x(t) = x0e
t; p(t) = p0e
−t. (9)
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Thus classical solutions are dilation and contraction in x and p showing homogeneous instability.
Now let us make an attempt to quantize this Hamiltonian. We follow the method described in
[31].
To begin with we take the normal ordered expression
Hˆ =
1
2
(xˆpˆ+ pˆxˆ) (10)
as our Hamiltonian. It acts on the Hilbert space L2(a, b). This Hamiltonian will be symmetric
if
〈ψ|Hˆφ〉 − 〈Hˆψ|φ〉 =
∫ b
a
ψ∗Hˆφdx−
∫ b
a
(
Hˆψ
)∗
φdx = 0. (11)
In the position space representation (xˆ = x and pˆ = −i~ ddx ), we have
Hˆφ = − i~
2
(
x
dφ
dx
+
d
dx
(xφ)
)
= − i~
2
(
2x
dφ
dx
+ φ
)
(12)
and
(Hˆψ)∗ =
i~
2
(
2x
dψ∗
dx
+ ψ∗
)
. (13)
The above two expressions, when used in (11), gives [xψ∗φ]ba = 0. Note that Hˆ is not a self
adjoint operator even if Hˆ† = Hˆ because Hˆ† acts on different space. According to a theorem
by von Neumann [31], a symmetric operator like Hˆ is self-adjoint only if its deficiency indices
are equal. To find the deficiency indices for Hˆ, we have to solve the following equation
Hˆ†ψ±(x) = ±i~λψ±(x) ; λ > 0. (14)
Then deficiency indices (n+ and n−) are number of solutions for each sector. The solutions of
the above equations are
ψ±(x) =
C
x
1
2
±λ
. (15)
This solution is meaningful only if we can find the normalization constant C by using
〈ψ±|ψ±〉 = ±C
2
2λ
(
a∓2λ − b∓2λ
)
= 1. (16)
Now we can take different values of a and b and see whether self-adjoint extension of Hˆ is
possible or not. Below we give a table (Table 1).
Only the last case of this table is relevant for our purpose. According to von Neumann’s
Table 1: Deficiency indices and self-adjoint extension of Hˆ
(a, b) (n+, n−) Whether Hˆ is Self-adjoint
a= finite positive number, b =∞ n+ = 1, n− = 0 No
a = 0, b=finite positive number n+ = 0, n− = 1 No
a and b are finite positive numbers, b > a n+ = 1, n− = 1 Yes
theorem [31] when n+ = n− > 0, there are infinite self-adjoint extensions. So for our case, self
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adjoint extensions of Hˆ are due to different boundary conditions parametrized by U(1) i.e. by
a phase eiθ. Thus the domain of Hˆ is
D(Hˆ) = {ψ, Hˆψ ∈ L2(a, b); eiθψ(a) =
√
b
a
ψ(b)}. (17)
Now we consider the eigenvalue equation of (10), Hˆψ = Eψ. Since Hˆψ is given by (12), this
will lead to
x
dψ
dx
= (i
E
~
− 1
2
)ψ . (18)
The solution of the above equation is
ψ(x) =
C
x
1
2
− iE
~
(19)
where C is the integration constant which can be fixed by the normalization condition. The
periodicity condition (17) of the wave function, when used for the above expression of eigen-
function, yields N iE/~ = eiθ where N = b/a. This immediately yields the energy quantization.
The spectrum comes out to be
En =
2pi~
lnN
(n +
θ
2pi
) , (20)
where n is a natural number. This result and some mathematical applications of xp Hamiltonian
have been studied in [32].
Note that, in similar problems in physics, people usually take periodic boundary condition
(i.e. θ = 0 in (17)). In that case energy (20) turns out to be θ independent. Analysis presented
in [31] shows that this choice of θ, though simplest, is still arbitrary. In fact It has measurable
consequences as explained in [31]. Thus only experiment can decide right value for it. However
in the present study, θ appears as an additive constant in energy and wave function (19) does
not depend on it (θ dependent eigen functions have been studied in [31]). Since we shall work
with difference in energy levels and not with absolute energy, our results will be θ independent.
4 Entropy quantization of a black Hole
Having obtained all the necessary inputs and equivalences, we are now going to discuss the
quantization of the relevant thermodynamical quantity in the context of a black hole. Earlier it
has been discussed that the surface Hamiltonian is like xp Hamiltonian with x ≡ S and p ≡ T .
Quanization of this led to the spectrum, given by (20). Here a and b were identified as the
values of x within which the Hamiltonian is self-adjoint. Now as we already mentioned, the
surface action gives horizon entropy when one uses the periodicity of the Euclidean time; i.e. by
Euclideanizing the surface action. Then the action has thermodynamical interpretation. So it
is obvious that by doing Euclideanization, one obtains the black hole thermodynamics naturally
and such a technique is quite normal in this paradigm (this can be understood by looking at the
partition function). Here our Hamiltonian is expressed in terms of the horizon temperature and
entropy and all of them are meaningful in the sense of Euclidean signature. Also the present
surface Hamiltonian is multiplication of two thermodynamical quantities and hence we take the
evolving parameter as the Euclidean time. This we denote as τ here. This type of treatment
is valid in the semi-classical regime. As the entropy plays the role of position here (this is a
symbolic statement, not an exact one) and the classical solution is given by (8) with x and t are
replaced by S and τ respectively, we consider the interval (a ≡ S0, b ≡ S0eτ ) for x ≡ S within
which the Hamiltonian TS is self-adjoint. This is motivated by the fact that the Euclidean time
is periodic within the interval (0, τ) and then the solution (8) leads to this interval on S. Thus
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the surface Hamiltonian Hsur = TS has the quantum spectrum, given by (20) with N = e
τ .
Therefore, the spectrum of surface Hamiltonian for the black hole turns out to be
En =
2pi~
τ
(
n+
θ
2pi
)
. (21)
Now the variation of (20) due to change in energy level is given by
∆E =
2pi~
τ
∆n. (22)
Let us assume n is very large so that we can treat the variables of black hole physics as classical
variables. In that approximation we can use the first law of thermodynamics: ∆E = T∆S.
Then one obtains ∆S = 2pi~Tτ ∆n. As it has been already mentioned that all these are valid in
the Euclidean signature, one can take the periodicity of the Euclidean time as the inverse of the
horizon temperature: τ = ~T−1. Therefore one finds that ∆S = 2pi∆n and hence the spacing
between two consecutive levels is
∆S = 2pi , (23)
where ∆n = 1 has been used; i.e. the entropy is quantized. Note that this is true for any
order Lanczos-Lovelock gravity as Hsur = TS ≡ xp is not only restricted to GR. It may be
mentioned that the fist law of thermodynamics, as used here, is meaningful in the sense of
Euclideaniaztion. If one does not do that then both (22) and the first law of thermodynamics
contain imaginary term consisting of the real time. But that will not change the final result as
imaginary i will get cancel in the intermediate step due to its presenc both in spectrum of energy
and first law of thermodynamics. Moreover, all these calculations are valid in the semi-classical
approximation. This type of semi-classical arguments has already been adopted earlier in [33]
which were restricted to the GR theory.
Since for GR, the entropy is proportional to area: S = A
4l2p
, we can infer that the horizon
area is also quantized and the spacing between two consecutive levels is
∆A = 8pil2P . (24)
This is Bekenstein’s famous area quantization formula. It may be noted that the same was earlier
re-obtained (after the original work by Bekenstein) by several methods, like using quasi-normal
mode with the properly defined adiabatic invariant quantity [11], tunnelling approach [15] – [17],
Euclideanization of time coordinate [21] etc. Here we found that this result is consistent with a
“direct” quantization of gravitational Hamiltonian on the horizon. Hence our approach is much
more fundamental and does not rely on any outside input. Also remember that for other order
Lanczos-Lovelock gravity, entropy-area relation is not so simple and therefore we do not have
area quantization in general. Hence we may conclude that the entropy quantization is much
more natural than that of area.
5 Conclusions
One of the interesting facts of gravitational theories (GR as well as Lanczos-Lovelock gravity) is
that the action can be written as a sum of two terms: one is the square of the Christoffel symbols
and the other is the derivative of the Christoffel symbols. The latter is known as surface term
( See section 15.4 of [26]). The second term also has a thermodynamical interpretation. Calcu-
lating it on the horizon gives rise to a quantity which is horizon entropy times the temperature
multiplied by the time coordinate. Consequently we can identify this as a surface Hamiltonian.
One recent observation is that such a Hamiltonian can be interpreted as xp for a spacetime with
7
horizon [24, 25]. This motivates us to quantize xp Hamiltonian as this is directly related to the
surface Hamiltonian for gravity. The idea behind this study is to get insight about the quantum
nature of the horizon.
One of the difficulties of quantizing this type of Hamiltonian lies in its non-hermitian nature.
It has been found that one can avoid such burden by working with self-adjoint extension of
the Hamiltonian. With this imposition the necessary condition on the wave function can be
obtained which leads to the quantization.
In this paper we showed that this has something to do with the thermodynamics of gravity.
One can talk about the quantization of horizon entropy. Here using the quantum spectrum of
such Hamiltonian we found the quantum spectrum of entropy as well as surface area of a black
hole event horizon. The obtained result exactly matches with Bekenstein’s earlier finding [2].
This provided a direct quantization in the sense that we used the quantum spectrum of the
surface Hamiltonian which has been obtained by the standard procedure of quantum mechanics.
Such an analysis is completely new, as the existing ones are based on several assumptions, like
having to properly define the adiabatic invariant quantity [7, 18], time coordinate behaving
like an azimuthal angle [21] etc. Here we provided a more robust procedure to discuss the
quantization of entropy without making any assumptions.
We feel that our analysis may provide some deeper insights into the subject of area – entropy
quantization. Moreover, the procedure is general enough to be valid for any kind of black hole.
Of course, it is evident from the main analysis that the quantum of entropy is much more
fundamental than that of the area as in all cases we have to do entropy quantization first.
Since for GR, entropy is proportional to area we obtain the area quantization; but where this
is not the case, we can not talk about the quantization of area. Additionally, we note that
the variables fab and N cab (f˜
ab, N˜ cab for Lanczos-Lovelock theory) have not only thermodynamic
interpretation but also have structures which lead us to know more about the quantum nature of
black hole parameters. Actually its identification with usual x and p gives us a way to think the
gravitational theory along the path of the well established classical mechanics and corresponding
quantum theory (i.e. quantum mechanics). Here we precisely driven by such logic and obtained
the spectrum of the horizon entropy. Additionally, it may be worth to point out that here we are
not quantizing the action directly as the Hamiltonian is identified by giving a thermodynamical
interpretation of the surface action. The important observation is that the Hamiltonian has xp
structure in terms of thermodynamical entities and hence we are getting quantization of entropy.
Therefore, it has nothing to do with the quantization of action.
Finally, let us mention that one aspect of our calculation may be interesting. Using the spec-
trum of xp Hamiltonian, one can look at the several other thermodynamical quantities with the
help of statistical mechanics procedure. We feel this will definitely enlighten several important
aspects of gravity. Another attempt can be more interesting. Considering the variables (fab and
N cab) directly, without going into their thermodynamic interpretation, one may try to quantize
the Hamiltonian xp ≡ fabN cab. It may be pointed out that the present analysis is based on the
surface Hamiltonian which is TS. The same Hamiltonian (temperature times entropy) has also
been obtained in [34] by multiplying the zero mode eigenvalue of the asymptotic charge, cor-
responding to the near horizon symmetry, by the surface gravity in three dimensions. Such an
analysis exhibits that the modes of these charge satisfy infinitely many copies of the Heisenberg
algebra. Exploiting these algebra one can find the Bekenstein-Hawking entropy [35]. Since the
analysis encodes the counting of microstates and the the central charge is essentially quantized,
it may be possible to generate entropy quantization within this approach itself. Also it might
be possible that our present analysis and near horizon symmetry approach may be interlinked
as both of them uses the same Hamiltonian. Therefore we think it would be interesting to un-
derstand what is the algebra of symmetries that governs near horizon dynamics in dimensions
other than three. Understanding this could imply and enhance many of the results we obtained
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here [36]. These will be studied in the coming future.
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